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Abstract
In this paper, the deformed Special Relativity, which leads to an es-
sentially new theoretical context of quantum mechanics, is presented.
The formulation of the theory arises from a straightforward analogy
with the Special Relativity, but its foundations are laid through the
hypothesis on breakdown of the velocity-momentum parallelism which
affects onto the Einstein equivalence principle between mass and en-
ergy of a relativistic particle. Furthermore, the derivation is based
on the technique of an eikonal equation whose well-confirmed physical
role lays the foundations of both optics and quantum mechanics. As a
result, we receive the angular deformation of Special Relativity which
clearly depicts the new deformation-based theoretical foundations of
physics, and, moreover, offers both constructive and consistent phe-
nomenological discussion of the theoretical issues such like imaginary
mass and formal superluminal motion predicted in Special Relativity
for this case. In the context of the relativistic theory, presence of de-
formation does not break the Poincare´ invariance, in particular the
Lorentz symmetry, and provides essential modifications of both bosons
described through the Klein-Gordon equation and fermions satisfying
the Dirac equation. On the other hand, on the level of discussion of
quantum theory, there arises the concept of emergent deformed space-
time, wherein the presence of angular deformation elucidates a certain
new insight into the nature of spin, as well as both the Heisenberg
uncertainty principle and the Schro¨dinger wave equation.
1
1 Introduction
In Special Relativity, Cf. the Ref. [1], the Einstein equivalence principle
E2 = m2c4 + p2c2, (1)
where c is the speed of light in vacuum, relates kinetic energy E to magnitude
p =
√
pipi of a momentum vector pi of a particle equipped with a mass m.
In general, a velocity vector vi and speed v of a particle are determined as
vi =
∂E
∂pi
, vipi = vp, v = (v
ivi)
1/2 =
∂E
∂p
=
pc2
E
. (2)
In particular, for a massive particle one has E = γmc2, p =
√
γ2 − 1mc, and
v = p/(γm) where γ =
(
1− v
2
c2
)−1/2
is the Lorentz factor, for a massless
particle E = pc and v = c, for an imaginary mass one has to deal with
superluminal particles known as tachyons. The space-time coordinates four-
vectors are either contravariant xµ = [ct, xi] or covariant xµ = ηµνx
ν , and
the energy-momentum four-vectors are pµ = [E, pic] or pµ = ηµνp
ν , both
space-time and energy-momentum space are equipped with the Minkowski
metric ηµν = diag[1,−1,−1,−1].
Locally, the energy-momentum interval ds2 = ηµνdp
µdpν = dE2−c2dpidp
i
is symmetric, that is ds2 = ds′2, with respect to the action of the Poincare´
transformations p′µ = Λµνpν + p
µ
0 with a constant energy-momentum four-
vector pµ0 , while the space-time interval ds
2 = ηµνdx
µdxν = c2dt2 − dxidxi
displays invariance with respect to the action of the Poincare´ transforma-
tions x′µ = Λµνxν +x
µ
0 with a constant space-time four-vector x
µ
0 , whenever
the Lorentz matrices obey (Λ−1)µκ = ηµλΛ νλ ηνκ and det Λ
µ
ν = ±1. Rela-
tivistic invariance includes symmetry with respect to action of the Lorentz
transformations p′µ = Λµνpν and x′µ = Λ
µ
νxν . Globally, the Lorentz sym-
metry holds for either s2 = ηµνp
µpν = E2−c2p2 or s2 = ηµνx
µxν = c2t2−x2,
that is s2 = s′2, whereas preservation of the Poincare´ symmetry demands
ηµν (p
µ
0p
ν
0 + {Λ
µ
κp
κ, pν0}) = 0, (3)
ηµν (x
µ
0x
ν
0 + {Λ
µ
κx
κ, xν0}) = 0, (4)
for every xµ and pµ. For a particle motion, the well-known representation
is
Λµν =
[
γ −γRij
vi
c
−γ
vj
c R
i
k
(
δkj + (γ − 1)
vkvj
v2
) ] , (5)
where a matrix of rotation Rij ∈ SO(3) in three-dimensional Euclidean space
R
3 with metric δij = diag[1, 1, 1], can be defined through either the Euler
angles (φ,ϕ, θ)
Rij(θ, ϕ, φ) = exp
[
(rij)
(3)φ
]
exp
[
(rij)
(2)ϕ
]
exp
[
(rij)
(3)θ
]
, (6)
2
or the Tait-Bryan angles (φ,ϕ, θ)
Rij(θ, ϕ, φ) = exp
[
(rij)
(3)θ
]
exp
[
(rij)
(2)ϕ
]
exp
[
(rij)
(1)φ
]
, (7)
with the Rodriques formula
exp
[
(rij)
(p)α
]
= δij + (r
i
j)
(p) sinα+ (rik)
(p)(rkj )
(p)(1− cosα), (8)
where (rij)
(p) are infinitesimal rotations matrices around a p-axis
(rij)
(1) =
 0 0 00 0 −1
0 1 0
 , (rij)(2) =
 0 0 10 0 0
−1 0 0
 , (rij)(3) =
 0 −1 01 0 0
0 0 0
 ,
(9)
and form the Lie algebra so(3) = span
{
(rij)
(1), (rij)
(2), (rij)
(3)
}
of SO(3)
group
[(rik)
(a1), (rkj )
(a2)] = εa1a2a3(rij)
(a3), εa1a2a3 =
∏
1≤i<j≤3
sgn(aj − ai), (10)
where εpqr is a three-dimensional Levi-Civita symbol, whose Casimir operator
is equal to the unit matrix δµν = diag[1, 1, 1, 1]. For lack of spatial rotations,
one has to deal with the Lorentz boosts defined through Rij = δ
i
j .
From the point of view of modern theoretical physics, the particularly im-
portant ramifications of the Special Relativity based on the Einstein equiva-
lence principle (1) are quantum mechanics, Cf. the Refs. [2], which through-
out the theory of bosons based on the Klein–Gordon equation(
ηµν∂
µ∂ν +
m2c2
~2
)
Ψ(x, t) = 0, (11)
and fermions based on the Dirac equation(
i~cγµ∂µ −mc
2
)
ψ(x, t) = 0, (12)
for either massive or massless particles, where γµ are the standard Dirac
gamma matrices obeying the relations {γµ, γν} = 2ηµν of the Clifford alge-
bra Cℓ1,3(C), as well as, in the non-relativistic limit, the Schro¨dinger equa-
tion
i~
∂
∂t
Φ(x, t) =
(
−
~
2
2m
∇2 +V(x)
)
Φ(x, t), (13)
which, along with both the Heisenberg uncertainty principle
[xˆi, pˆj ] = i~δij , (14)
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and the Born normalization condition∫
d3x |Φ(x, t)|2 = 1, (15)
lays the foundations of the modern-day understanding of physics at the mi-
croscopic scales and, moreover, throughout the methods of quantum field
theory, has already became the theoretical nucleus of the Standard Model of
elementary particles and fundamental interactions which deals with physics
at the high energy scales, Cf. the Refs. [3]. It should be noticed that equally
important ramification of Special Relativity is its generalization to a curved
space-time known as General Relativity, which is the well-accepted classical
theory of gravitation and lays the foundations of modern both cosmology
and astrophysics, Cf. the Refs. [4], at the astronomical and ultra-high en-
ergy scales, but in this paper we shall omit discussion of this particular
context of Special Relativity. Nevertheless, in general, presence of a small
non-trivial change in the formalism of Special Relativity will have been re-
sulting in inevitable modifications to the standard points of view onto the
physical world on both microscopic and macroscopic levels of discussion. In
particular, theoretical ramifications will have been touching analysis of ex-
perimental and observational data from both particle accelerators which ex-
plore the microscopic world as well as telescopes and cosmic missions which
collect information on phenomena occurring at the astronomical scales and
the large scale structure limits.
In the present article, we provide a step-by-step derivation to the very
specific model of deformed Special Relativity, which in our opinion is caused
through a physical realization of the hypothesis on breakdown of the velocity-
momentum parallelism and, for this reason, immediately impacts onto the
Einstein equivalence principle between mass, momentum, and energy of a
particle. Our discussion shows that acceptance of this point of view onto the
physical reality leads to the concept of emergent deformed space-time and,
moreover, the substantial modifications in the quantum mechanical under-
standing of the nature of a particle. In this manner, the variant of deformed
Special Relativity, which we shall present here under the name angularly de-
formed Special Relativity, is able to lay the foundations for the new physics,
particularly the high energy physics beyond the Standard Model.
2 Angularly Deformed Special Relativity
2.1 Violated Velocity-Momentum Parallelism
Let us consider a Lorentz-invariant deformed energy
E˜2 = E2 + E2(E˜2, p2) (16)
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with a non-deformed momentum vector p˜i = pi , and violated velocity-
momentum parallelism
v˜i =
∂E˜
∂pi
, v˜ipi = v˜p cos δ, v˜ = (v˜
iv˜i)
1/2 =
1
cos δ
∂E˜
∂p
=
pc˜2
E˜
. (17)
Making use of the method of implicit differentiation one can write
F = E2 + E2 − E˜2 = 0, Fp = ∂pF, FE˜ = ∂E˜F, ∂pE˜ = −
Fp
FE˜
, (18)
and establish the formulas
c˜ = c
(
1
cos δ
1 + 12pc2∂pE
2
1− 1
2E˜
∂E˜E
2
)1/2
, (19)
v˜ = v
E
E˜
c˜2
c2
. (20)
If the Eq. (16) is rewritten in the form of the Einstein equivalence principle
on the deformed quantities
E˜2 = p2c˜2 + m˜2c˜4, (21)
and the rest energy is invariant with respect to deformation
m˜c˜2 = mc2, (22)
then the relativistic invariance holds on both global and local levels
s˜2 = ηµν p˜
µp˜ν = E˜2 − p2c˜2 = m˜2c˜4 = m2c4 = ηµνp
µpν = s2 = s′2, (23)
ds˜2 = ηµνdp˜
µdp˜ν = dE˜2 − c˜2dp2 = ηµνdp
µdpν = ds2 = ds′2, (24)
where prime means a relativistically transformed quantity, and, consequently,
m˜ = m
c2
c˜2
= m
p2c2
E˜2 −m2c4
, (25)
µ =
m˜2
m2
− 1 =
c4
c˜4
− 1, (26)
E2 =
m˜
m
p2c˜2 + m˜2c˜4 = (1 + µ)1/2p2c˜2 +m2c4, (27)
c˜ = c (1 + µ)−1/4 =
1
p
(
E˜2 −m2c4
)1/2
, (28)
E2 =
(
1−
m˜
m
)
p2c˜2 =
(
c˜2
c2
− 1
)
p2c2, (29)
v˜ =
1
pE˜
(E˜2 −m2c4), (30)
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where µ is the relative squared-mass difference. Furthermore, consistency
gives the eikonal-type first order partial differential equation
(pc)2
(
1 +
1
2pc
∂E2
∂(pc)
)
= (E˜2 −m2c4)
(
1−
1
2E˜
∂E2
∂E˜
)
cos δ, (31)
which through separation of variables E2 = E21 (E˜)+E
2
2 (p) leads to the system
dE21
dE˜
= 2E˜ −
ǫ2
cos δ
E˜
E˜2 −m2c4
, (32)
dE22
d(pc)
=
ǫ2
pc
− 2pc, (33)
where ǫ2 is a real non-zero separation constant, which along with the con-
straint for the initial data E˜20 = p
2
0c
2 +m2c4 + E20 gives
E2 = E˜2 − E˜20 − (p
2 − p20)c
2 −
ǫ2
2 cos δ
ln
∣∣∣∣∣E˜2 −m2c4E˜20 −m2c4
∣∣∣∣∣+ ǫ22 ln p2p20 , (34)
whereas, through the relation (16) applied into the solution (34), one obtains
E˜2 = m2c4 + (E20 + p
2
0c
2)
(
p
p0
)2 cos δ
exp
(
−
2E20
ǫ2
cos δ
)
, (35)
E2 = −p2c2 + (E20 + p
2
0c
2)
(
p
p0
)2 cos δ
exp
(
−
2E20
ǫ2
cos δ
)
, (36)
0 = (E20 + p
2
0c
2)
[
1− exp
(
−
2E20
ǫ2
cos δ
)]
. (37)
For non-zero cos δ, the Eq. (37) gives either E20 = −p
2
0c
2, that is the un-
changed rest energy E˜ = mc2 for which deformation is E2 = −p2c2, or
E20 = 0 and
E20 = p
2
0c
2 +m2c4, (38)
E˜2 = m2c4 + p20c
2
(
p
p0
)2 cos δ
, (39)
E2 = −p2c2 + p20c
2
(
p
p0
)2 cos δ
. (40)
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2.2 Angularly-Deformed Relativistic Particles
Therefore, for a massless particle, m = 0, one obtains
m˜ = 0, (41)
c˜ = c
(
p
p0
)cos δ−1
, (42)
v˜ = c˜, (43)
E˜ = p0c
(
v˜
c
)cos δ/(cos δ−1)
, (44)
E2 = p20c
2
[(
v˜
c
)2 cos δ/(cos δ−1)
−
(
v˜
c
)2/(cos δ−1)]
, (45)
L˜ = −p0c(1− cos δ)
(
v˜
c
)cos δ/(cos δ−1)
, (46)
where L˜ = piv˜
i − E˜ is the deformed kinetic Lagrangian.
For a massive particle, the deformed Lorentz factor Γ˜ convention gives
E˜ = Γ˜mc2, (47)
E2 = −p2c2 + (Γ˜2 − 1)m2c4, (48)
Γ˜ =
(
1 +
(
p
p0
)2 cos δ p20
m2c2
)1/2
, (49)
c˜ = c
(
p
p0
)cos δ−1
, (50)
m˜ = m
(
p
p0
)2(1−cos δ)
, (51)
µ =
(
p
p0
)4(1−cos δ)
− 1, (52)
v˜ = c
(
p
p0
)2 cos δ−1(m2c2
p20
+
(
p
p0
)2 cos δ)−1/2
=
Γ˜2 − 1
Γ˜
mc2
p
, (53)
L˜ = −
mc2
Γ˜
(
Γ˜2 + (1− Γ˜2) cos δ
)
. (54)
For a Lagrangian L = L(v˜), in particular both (46) and (54), one has
∂L
∂v˜i
= pi =
v˜i
v˜
p cos δ, p =
1
cos δ
∂L
∂v˜
, (55)
dpi
dt
= 0. (56)
The Eq. (55) agrees with (42) and (53). The Eqs. (56) give pi = p0i, or
p0
p
= cos δ ∈ (0, 1], δ ∈
[
0,
π
2
)
∪
(
3π
2
, 2π
]
, (57)
7
where p0 = (p0ip
i
0)
1/2. Therefore, for any case one receives
c˜ = c cos1−cos δ δ, (58)
m˜ = m cos−2(1−cos δ) δ, (59)
µ = cos−4(1−cos δ) δ − 1, (60)
E˜2 = m2c4 + p2c2 cos2(1−cos δ) δ (61)
= m2c4 + p20c
2 cos−2 cos δ δ, (62)
E2 = −p2c2
(
1− cos2(1−cos δ) δ
)
(63)
= p20c
2
(
cos−2 cos δ) δ − cos−2 δ
)
, (64)
v˜ = v
(
m2c4 + p2c2
m2c4 + p2c2 cos2(1−cos δ) δ
)1/2
cos2(1−cos δ) δ (65)
= v
(
p20c
2 +m2c4 cos2 δ
p20c
2 +m2c4 cos2 cos δ δ
)1/2
cos1−cos δ δ, (66)
Consequently, for a massive particle
Γ˜ =
(
1−
v˜2
c2
cos−2(1−cos δ) δ
)−1/2
, (67)
E˜ = mc2
(
1−
v˜2
c2
cos−2(1−cos δ) δ
)−1/2
, (68)
E2 = m2c4
1− cos2(1−cos δ) δ
cos2(1−cos δ) δ
v˜2
c2
(
v˜2
c2
− cos2(1−cos δ) δ
)−1
, (69)
p = mv˜
(
1−
v˜2
c2
cos−2(1−cos δ) δ
)−1/2
cos−2(1−cos δ) δ, (70)
L˜ = −mc2
(
1−
v˜2
c2
cos2 cos δ−1 δ
)(
1−
v˜2
c2
cos−2(1−cos δ) δ
)−1/2
, (71)
and since the momentum magnitude is given through Special Relativity
p = mv
(
1−
v2
c2
)−1/2
, (72)
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one obtains
v˜ = v
(
1−
v2
c2
(
1− cos2(1−cos δ) δ
))−1/2
cos2(1−cos δ) δ, (73)
E2 = −m2c4
(
1− cos2(1−cos δ) δ
) v2
c2
(
1−
v2
c2
)−1
, (74)
Γ˜ =
(
1−
v2
c2
)−1/2(
1−
v2
c2
(
1− cos2(1−cos δ) δ
))1/2
, (75)
E˜ = mc2
(
1−
v2
c2
)−1/2(
1−
v2
c2
(
1− cos2(1−cos δ) δ
))1/2
, (76)
L˜ = −mc2
(
1−
v2
c2
)1/2(
1−
v2
c2
(
1− cos2(1−cos δ) δ
))−1/2
. (77)
Furthermore, the consistency of the deformed speed formula (73) demands
existence of the maximal speed which in general differs from the speed of
light in vacuum and depends on angular deformation
v < vmax, vmax = c
(
1− cos2(1−cos δ) δ
)1/2
≤ c, (78)
and always v˜ ≤ v , v˜ ≤ c˜ and v < c for a real and positive mass, while the
relation (57) joined with (72) written for initial data gives the Eq. (38) and
cos δ =
p0
mv
(
1−
v2
c2
)1/2
=
v0
v
(
c2 − v2
c2 − v20
)1/2
, v0 =
p0c
2
E0
, (79)
and, for this reason, one obtains the applicability conditions for the theory
v0 ≤ v ≤ vmax, ln
∣∣∣∣1 + p20m2c2
∣∣∣∣ ≤ −2(1− cos δ) ln | cos δ|. (80)
Similarly, according to Special Relativity, for a massless particle m2 = 0
p =
E
v
, v = c, (81)
and, for this reason, in the deformed theory for such particle
v˜ = v cos1−cos δ δ ≤ v, (82)
E˜ = p0c cos
− cos δ δ = pc cos1−cos δ δ, (83)
E2 = p20c
2
(
cos−2 cos δ δ − cos−2 δ
)
= −p2c2
(
1− cos2(1−cos δ) δ
)
, (84)
L˜ = −p0c(1− cos δ) cos
− cos δ δ = −pc(1− cos δ) cos1−cos δ δ, (85)
and, moreover, one receives
cos δ =
E0
E
, E0 = p0c. (86)
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For an imaginary mass m = i|m|, which in Special Relativity describes
a tachyon, one has
p = |m|v
(
v2
c2
− 1
)−1/2
, v > c, E20 = p
2
0c
2 − |m|2c4, (87)
and, therefore the speed formula (73) remains unchanged, while
E2 = −|m|2c4
(
1− cos2(1−cos δ) δ
) v2
c2
(
v2
c2
− 1
)−1
, (88)
Γ˜ =
(
v2
c2
− 1
)−1/2(
1−
v2
c2
(
1− cos2(1−cos δ) δ
))1/2
, (89)
E˜ = |m|c2
(
v2
c2
− 1
)−1/2(
1−
v2
c2
(
1− cos2(1−cos δ) δ
))1/2
, (90)
L˜ = −|m|c2
(
v2
c2
− 1
)1/2(
1−
v2
c2
(
1− cos2(1−cos δ) δ
))−1/2
, (91)
and, moreover,
cos δ =
p0
|m|v
(
v2
c2
− 1
)1/2
=
v0
v
(
v2 − c2
v20 − c
2
)1/2
, v0 =
p0c
2
E0
> c, (92)
with the consistency condition
vmax ≤ v0 ≤ v, ln
∣∣∣∣1− p20|m|2c2
∣∣∣∣ ≥ −2(1 − cos δ) ln | cos δ|. (93)
If v > c, then also v˜ > c˜ and v˜ > c, and the deformed speed of a tachyon
written explicitly through the initial value p0
v˜ = v
(
p20c
2 − |m|2c4 cos2 δ
p20c
2 − |m|2c4 cos2 cos δ δ
)1/2
cos1−cos δ δ, (94)
shows that a tachyon exists for cos δ ∈ (0, 1), that is for the angles
δ ∈
(
0,
π
2
)
∪
(
3π
2
, 2π
)
. (95)
In other words, when angular deformation is non-zero, then tachyon’s exis-
tence has a more physical justification compared to its merely formal nature
in Special Relativity. Whenever δ2 < 0, then one should make a replacement
δ → i|δ| or cos δ → cosh |δ| in all formulas with non-trivial deformation, and,
therefore, an imaginary deformation gives a hyperbolic nature to the theory.
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3 Angularly Deformed Quantum Mechanics
3.1 Relativistic Theory
A contravariant deformed energy-momentum four-vector is p˜µ = [E˜, pic˜],
and a covariant one is p˜µ = ηµν p˜
ν . Writing the constraint (21) as follows
p˜µp˜
µ − m˜2c˜4 = 0, (96)
one can apply the deformed relativistic canonical quantization
p˜µ → ˆ˜pµ = i~˜c˜∂˜µ, (97)
where for curvilinear space-time coordinates x˜µ = [c˜t˜, x˜i] = x˜µ(xµ) one has
∂˜µ = ηµν ∂˜ν , ∂˜µ =
∂
∂x˜µ
=
[
∂˜0, ∂˜i
]
, ∂˜0 =
1
c˜
∂
∂t˜
, ∂˜i =
∂
∂x˜i
, (98)
and one receives the deformed relativistic quantum mechanics(
ηµν ∂˜
µ∂˜ν +
m˜2c˜2
~˜2
)
Ψ˜(x˜, t˜) = 0, (99)(
i~˜c˜γµ∂˜µ − m˜c˜
2
)
ψ˜(x˜, t˜) = 0, (100)
where γµ are the Dirac gamma matrices. For the coordinate transformation
given through the local dilatation transformations
dx˜µ = Ωdxµ , dxµ = Ω−1dx˜µ, (101)
the deformed theories (99) and (100) transform into the standard theories
if and only if the scale function has the form
Ω =
~˜c˜
~c
. (102)
Thus, for these specific local conformal transformations of space-time coordi-
nates, there arises the local emergent deformed space characterized through
the conformal metric
η˜µν = ηαβ
∂x˜α
∂xµ
∂x˜β
∂xν
= Ω2ηµν , η˜
µν = Ω−2ηµν , η˜µαη˜αν = δ
µ
ν , (103)
where δµν = diag[1, 1, 1, 1], which allows to establish the derivatives
∂˜µ = Ω
−1∂µ , ∂˜
µ = Ωη˜µν∂ν = Ω
−1∂µ, (104)
and shows that relativistic invariance on the emergent deformed space-time
is preserved locally and globally. For considerations of quantum theory one
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can reduce the analysis to the local level, wherein the dilatation transfor-
mations of space-time coordinates
x˜′µ = Ω
(
Λ˜µνx
ν + xµ0
)
, (105)
assure relativistic invariance whenever
dx˜′µ = ΩΛ˜
ν
µdxν , Ω = Ω0, (106)
where Ω0 is a constant, and in the moving-particle representation
Λ˜µν =
[
Γ˜ −Γ˜Rij
v˜i
c˜
−Γ˜
v˜j
c˜ R
i
k
(
δkj + (Γ˜− 1)
v˜k v˜j
v˜2
) ] , Γ˜ = (1− v˜2
c˜2
)−1/2
. (107)
Then, the emergent deformed space-time is flat, homogenous, and isotropic,
and belongs to a wide class of the Robertson–Walker cosmological metrics.
The Lie algebra i˜so(1, 3) = s˜o(1, 3)+˙r˜ of the deformed Poincare´ group is
given through the semisimple deformed Lorentz algebra
s˜o(1, 3) = span
{
M˜λµ
}
, (108)
and the Abelian radical
r˜ = span
{
P˜µ
}
, (109)
where the deformed operators of momentum and angular momentum are
P˜µ = i~˜c˜∂˜µ = Pµ, (110)
M˜λµ = i~˜c˜
(
x˜λ∂˜µ − x˜µ∂˜λ
)
= Ω0M
λµ, (111)
with Pµ and Mλµ being the operators defining the non-deformed algebra,
and forms the deformed Lie algebra[
x˜λ, P˜µ
]
= −i~˜c˜η˜λµ, (112)[
P˜ λ, P˜µ
]
= 0, (113)[
M˜λµ, P˜ ν
]
= i~˜c˜
(
η˜µν P˜ λ − η˜λµP˜µ
)
, (114)[
M˜λµ, M˜ρσ
]
= −i~˜c˜
(
η˜λρM˜µσ − η˜µρM˜λσ + η˜µσM˜λρ − η˜λσM˜µρ
)
,(115)
which written explicitly is apparently inequivalent to the non-deformed al-
gebra throughout presence of the scale factor[
xλ, Pµ
]
= −i
~c
Ω20
ηλµ, (116)[
P λ, Pµ
]
= 0, (117)[
Mλµ, P ν
]
= i
~c
Ω20
(
ηµνP λ − ηλµPµ
)
, (118)[
Mλµ,Mρσ
]
= −i
~c
Ω20
(
ηλρMµσ − ηµρMλσ + ηµσMλρ − ηλσMµρ
)
.(119)
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For this Lie algebra there are two independent Casimir operators, the first
one is squared deformed momentum operator
P˜ 2 = P˜µP˜
µ = ηµν P˜
µP˜ ν = m˜2c˜4 = m2c4 = P 2, (120)
whereas the second one is square of the deformed Pauli-Lubanski four-vector
W˜λ =
1
2
ελµνρP˜
µM˜νρ, (121)
which can be easily derived
W˜ 2 = ηµνW˜
µW˜ ν = −(~˜c˜)2m2c4s(s+ 1), (122)
where s is a spin eigenvalue, having the following properties
P˜µW˜
µ = 0, (123)[
W˜ λ, P˜µ
]
= 0, (124)[
W˜ λ, M˜µλ
]
= i~˜c˜
(
η˜λµW˜ ν − η˜λνW˜ µ
)
, (125)[
W˜ λ, W˜ µ
]
= i~˜c˜ελµνρW˜νP˜ρ. (126)
Actually, the Casimir operator (122) can be rewritten as follows
W˜ 2 = −(~c)2m2c4s˜(s˜+ 1), (127)
to determine the deformed spin eigenvalues
s˜± = −
1
2
±
(
1
4
+ Ω20s(s+ 1)
)1/2
. (128)
Furthermore, for solutions of both the Dirac equation and Klein-Gordon
equation, the local deformed Lorentz matrices
Λ˜µν = exp
{
1
2
(
ω˜κλ
)µ
ν
θκλ
}
(129)
where the operators of infinitesimal Lorentz rotations(
ω˜κλ
)µ
ν
= ηλµδκν − η
κµδλν , (130)
can be approximated
Λ˜µν = δ
µ
ν +
1
2
(
ω˜κλ
)µ
ν
θκλ , (Λ˜
−1)µν = δ
µ
ν − v
(
ω˜κλ
)µ
ν
θκλ, (131)
and the relativistic invariance for solutions gives the infinitesimal generator
as
J˜µν =
i~˜c˜
4
[γµ, γν ] + M˜µν . (132)
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Remarkably, the Eq. (111) allows to write
J˜µν = Ω0J
µν , (133)
where Jµν is the infinitesimal generator of the Lorentz group of Special Rel-
ativity. From the formal point of view, the aforementioned Casimir elements
of the Lie algebra i˜so(1, 3) allow to construct the irreducible representations
of this algebra, particularly infinite-dimensional unitary representations.
3.2 Semi-Classical Non-Relativistic Theory
In the semi-classical approximation, one has
E˜ =
p2
2m˜
+ V˜(x˜), (134)
and quantization lead to the semi-classical non-relativistic quantummechan-
ics
i~˜
∂Φ˜(x˜, t˜)
∂t˜
=
(
−
~˜
2
2m˜
∇˜2 + V˜(x˜)
)
Φ˜(x˜, t˜), (135)
where ∇˜2 = δij ∂˜i∂˜j is the Laplace operator, and the wave functions obey
the following deformed normalization condition(∫
d3x˜(|det η˜ij |)
1/2
)−1 ∫
d3x˜(|det η˜ij|)
1/2|Φ˜(x˜, t˜)|2 = 1. (136)
Under the aforementioned local dilatations, the emergent deformed space-
time is determined through the following curvilinear coordinates
t˜ =
c
c˜
Ω0t, x˜
i = Ω0x
i, (137)
and the theory (135) takes the form
i~
∂Φ˜(x, t)
∂t
=
(
−
~
2
2m
∇2 + V˜(x)
)
Φ˜(x, t), (138)
that is if one identifies Φ˜(x, t) with the Schro¨dinger wave function and
V˜(x) with a standard potential, then one receives the Schro¨dinger equation.
Meanwhile, in the deformed space-time the theory (135) becomes
i~
∂Φ˜(x, t)
∂t
=
(
−
~˜
2
2m˜
η˜ij∂i∂j + V˜(x)
)
Φ˜(x, t), (139)
and, for this reason, from the phenomenological point of view the presence
of the scale factor opens the possibility for the new physics related to the
emergent deformed space-time. If one considers the wave functions
Φ˜(x, t) = R˜(x) exp
(
−
i
~
E˜t
)
, (140)
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then in the deformed space-time one has the stationary quantum mechanics
E˜R˜(x) =
(
−
~˜
2
2m˜
∇2 +V(x)
)
R˜(x). (141)
Furthermore, one can verify immediately that the following comutators hold[
ˆ˜xi, ˆ˜pj
]
= i~˜δij ,
[
ˆ˜xi, ˆ˜pi
]
= i~˜ cos δ ,
[
t˜, ˆ˜E
]
= i~˜. (142)
Considering a quantum average in the deformed space
〈A〉 =
(∫
d3x˜(|det η˜ij |)
1/2
)−1 ∫
d3x˜ (det η˜ij)
1/2 R˜(x˜) ˆ˜AR˜(x˜), (143)
where ˆ˜A = ˆ˜A(ˆ˜p, ˆ˜x) is a quantum-mechanical operator, one can determine
a standard deviation ∆A =
(〈
(A− 〈A〉)2
〉)1/2
, and, in particular, establish
the deformed uncertainty principle
∆pi∆x˜
i ≥
~˜
2
cos δ, ∆E˜∆t˜ ≥
~˜
2
. (144)
4 Summary
In this paper, we have considered an impact of the hypothetical violation of
the velocity-momentum parallelism onto the Einstein equivalence principle,
which led to a certain new insight into quantum mechanics. Although the
deformed theory in itself has been constructed in the way of a straightfor-
wardly analogy with Special Relativity, just the foundational assumption on
existence of the angle δ gives rise to make revision of foundations of physics
throughout experimental and observational data. From a technical point
of view, the obtained model of deformed Special Relativity has involved
the technique of an eikonal equation, which in itself is one of the pillars
for modern optics and quantum mechanics, and by virtue of this method
the deformed theory has been able to generate a new physics. From the
phenomenological point of view, the most intriguing aspect of the deformed
theory is the ability of this model to meet a positive empirical verification. In
particular, the problem of tachyons as well as relativity-based measurement,
for which non-zero value of δ can be related to an observational error.
Furthermore, the deformed theory displays a remarkable symmetry with
respect to the action of the deformed Poincare´ transformations, wherein
the deformed Lorentz transformations form a subgroup, what from the phe-
nomenological point of view establishes theoretical correctness of new deriva-
tions. This aspect has been generated the essentially new ideas on relativistic
quantum mechanics, which are able to elucidate the nature of bosons and
fermions. Furthermore, the main result following existence of a non-zero δ
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is emergence of the local deformed space-time, which is given through the
established dilatation curvilinear coordinates and whose metric displays the
features of a cosmological space-time. Another important result of the pre-
sented theory is the new insight into the nature of the Schro¨dinger equation,
which under some assumptions becomes invariant with respect to the action
of the deformation and, for this reason, can be regarded as the window which
joins a non-deformed and deformed space-time. Remarkably, although the
foundational symmetries of Special Relativity are basically preserved when
the deformation is present, just this presence offers new possibilities in the
matter of both theory and phenomenology of high energy physics on the
basis of the further ramificaions from the deformed relativistic quantum me-
chanics to quantum field theory.
It should be emphasized that actual phenomenological applicability of
the idea of deformation caused through δ can be efficiently verified through-
out a direct conffrontation with the experimental data of particle physics and
observational data of ultra-high energy astrophysics. Particularly, with help
of the presented theory, the results manifestly beyond the Standard Model
could be efficiently explained, whereas some aspects of the phenomena such
like dark energy or dark matter can be also consistently described through-
out presence of the angular deformation, because just the constraint (16)
can be interpreted as existence of an extra energy caused through the defor-
mation of the Einstein equivalence between mass, momentum, and energy
of a moving particle. From the point of view of the theory of measurement,
the deformed quantities rather than non-deformed ones should be the object
of a measurement and, threfeore, be the physical quantities, because looking
from the point of view of relativistic symmetries, just the deformed quanti-
ties are invariants of the Lorentz transformations. Regarding the nature of
the angle δ, since according to the analysis its value can be measured through
measurement of invariant quantities, the angular deformation in itself is a
relativistically invariant quantity. Discussion of the proposed theory in the
context of the presently available observational constraints, which were not
taken into account in this paper through its purely theoretical character, is
worthy of further development.
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